Quantum models of Parrondo’s games
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Abstract

A Parrondo’s paradox is an effect where two losing games, when combined, can
produce a net winning result. We provide a short introduction to quantum versions
of Parrondo’s games and review the current status of the work.
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1 Introduction

A Parrondo’s paradox results when a game that is losing as a result of some
form of feedback becomes winning when the feedback is disrupted by a second
losing game that acts as a source of “noise.” Classical Parrondo’s games have
traditionally been cast in the form of gambling games utilizing a set of biased
coins. The feedback can take the form of dependence on the gambling capi-
tal [1,2], the results of previous games [3,4], or spatial neighbor dependence [5].
For a recent review of Parrondo’s games see Ref. [6].

There has been recent interest in exploring the use of quantum field theo-
retic methods to model classical financial problems [7,8]. Furthermore, in-
spired by the recent development of quantum game theory [9-11], some the-
orists have proposed quantum market games [12] where traders can utilize
quantum strategies, consisting of superpositions of classical trading actions,
to give them an advantage over classical players [13]. There is speculation that
the Parrondo effect can be used to produce a profitable trading strategy from
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a combination of individually losing ones [14]. With this in mind we consider
quantum versions of Parrondo’s paradox.

2 History dependent games

In the classical history dependent Parrondo’s paradox, game A, representing
the “noise,” is the toss of a single biased coin with winning probability p =
1/2 — €, where € is a small positive parameter, while game B is a collection
of biased coins, the selection of which is dependent on the results of previous
games as indicated in Fig. 1. An analysis of game B shows it to be losing for
¢ > 0 when we choose [3]

pm=T7/10—¢, po=p3=1/4—¢€, p;=9/10—¢€. (1)

However, various sequences of A and B, including using a fair coin to select
the game to be played at each step, produce a game with a positive expected
payoff. The effect can also be obtained by replacing game A with another
history dependent game [4].

The history dependent Parrondo’s game has been quantized directly by re-
placing the rotation of a bit, representing a toss of a classical coin, by an
SU(2) operation on a qubit [15,16]:
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where 0 € [0,7/2] and v,d € [0,27]. Game B acts on the three qubit state
[t —2)) @ |t —1)) @ [1(t)), where |1p(t — 1)) and |¢(t — 2)) represent the
results of the two previous games and [¢(¢)) is the initial state of the target
qubit which is modified by the action of B. The B operator consists of four
control-control SU(2) operations, as indicated in Fig. 2.

The initial state |¢;) consists of one qubit for each game to be played (equiva-
lent to a pile of coins, each of which is tossed in succession). If |¢;) = |00...0)
the quantum game only gives results that could have been obtained from a
classical set up. If we take the initial state to be a superposition, for example,
;) = (]00...0) + [11...1))/+/2, we produce interference effectively between
two different games, those with initial states |00...0) and [11...1). The pay-
off (i.e., the count of the number of 1’s in the final state) is then dependent on
the phase angles in the B; operators. By judicious selection of the phases, the
extent of the interference can be controlled, either enhancing or diminishing
the payoff. For a sample of results see Ref. [16].



3 Capital or position dependent games

In capital dependent Parrondo’s games, A is again the toss of a single biased
coin with winning probability p = 1/2 — ¢, but game B utilizes two coins
whose use depends on the total capital of the player: coin B; with winning
probability p; is used if the capital is divisible by three, otherwise Bs is used
with winning probability ps. By chosing, for example,

p=1/10—¢, py=3/4—¢€ €>0, (3)

we get a net loss over time [1]. Although the weighted average of the winning
probabilities in Eq. (3) is positive for small €, the “bad” coin (Bj) is used more
often than the one-third of the time that we might naively expect. By mixing
games A and B this effect is broken and the combination can now be winning
provided the net positive effect of game B exceeds the negative effect of game
A (see Fig. 3).

In Meyer and Blumer’s quantum version of this game [17] the capital corre-
sponds to a discretization of the position of a particle undergoing Brownian
motion in one dimension under the action of some potential. A potential with
a constant gradient sloping towards negative x produces the effect of game A,
while game B corresponds to a tilted sawtooth potential. The quantum “coin”
is a two state system such as a spinf% particle, in a superposition of the |T)
and | |) states, the eigenstates of o,. The quantum analogue of an unbiased
coin flip is a unitary transformation represented by the matrix %(1 {) Let
|z) correspond to the gambling capital, and | ) and | |) indicate a win or a loss,
respectively. An unbiased “coin” flip is effected by the unitary transformation
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The initial state is chosen to be \%(|O, T) 4+ 10,1)) so the particle begins
with no particular momentum bias and an unbiased game A produces no
net drift !. The effect of the potentials are implemented by multiplication by
an z-dependent phase factor [18]. The quantum version of the games is the

unbiased transition in Eq. (4) multiplied by a phase e=*V®) where for game
A and B, Vu(z) = ax and Vg(z) = B(1 — 3(z mod 3)) + Va(z), respectively.

For game A, (z) is periodic with period 27/a. However, for « > 0, (z) < 0

! In Travaglione and Milburn [19] an unbiased quantum random walk is created
by using the Hadamard operator, represented by % (% _11), and starting with the

initial state %(!0, 1) +1]0,7)). The two schemes are equivalent.



for all times, so in this sense game A is losing. The situation is similar for
game B. Choosing o = 27/5000 and 3 = 7/3 gives results for the individual
games comparable (within a factor of two) to the classical games with the
probabilities of Eq. (3). The sequence BAAAA repeating produces one of the
greatest positive movements of the particle, as indicated in Fig. 3 For more
detail see Ref. [20].

4 Conclusion

(Classical systems where two losing games can be combined to produce a net
winning payoff are known. One of these games can be thought of as noise that
disrupts the negative bias of the other, thus giving a constructive role to noise.
Quantum mechanical analogues of these systems can also produce interesting
effects through interference. We have indicated some possible models of quan-
tum Parrondo’s games. Using entanglement to combine the games remains to
be explored.
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Fig. 1. Winning and losing probabilities for the history dependent game B, depend-
ing on the last two game results.
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Fig. 2. In the history dependent quantum Parrondo game, B consists of four con-

trol-control rotations acting on | (¢)), depending on the four possible states of the
two control qubits, [1(t — 2)) and |[¢(t — 1)). Here, B; = A(6;,7:, ;).
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Fig. 3. Comparison of the classical and quantum capital/position dependent Par-
rondo’s games. The classical results (cl) are for p = 1/2 — € for game A, and
p1 = 1/10 — € and ps = 3/4 — € for game B, where ¢ = 0.005. “Random” refers
to selecting A or B at each play using a fair coin. The quantum results are for
a = 27 /5000 and 8 = 7/3.



